Algebra with Conjugation 



Aleks Klcyn 



Abstract. In the paper, I consider properties and mappings of free algebra 
with unit. I consider also conjugation of free algebra with unit. 
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1. Preface 

When I started to write the book [2] , I realized that classical definition of a linear 
mapping 

y = ax y = xa 

restricts our possibilities to study the derivative of mapping into division ring. 
Intuitively, it was clear that we can represent the linear mapping into division ring 
as a sum of terms like 

axh 

Following study of the structure of linear mapping into division ring was finished 
in the book [4]. I expanded the circle of considered algebras and started to study 
free algebra over commutative ring. 

If the set A is D-algebra, then we can define few algebraic structures on the set 
A. According to the definition [4]-2.2.1, A is Z?-module. If we consider only sum 
and product in Z?-algebra A, then we can consider D-algebra A as ring (as option, 
the ring maybe nonassociative). According to this, we can consider D-algebra A 
as A*- module of dimension 1. This is why it is important to study mappings that 
preserve one or another algebraic structure on the set A. 

In this paper, I considered A*-linear mapping of D*-algebra A. 
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The concept of algebra with conjugation fits naturahy into the theory of D- 
algebra with unit. However I beUeve that we can define conjugation even in case if 
algebra docs not have unit. However the answer on this question requires further 
research. 

2. Conventions 

Convention 2.1. Let A be free finite dimensional algebra. Considering expansion 
of element of algebra A relative basis e we use the same root letter to denote this 
element and its coordinates. However we do not use vector notation in algebra. In 
expression a"^ , it is not clear whether this is component of expansion of element a 
relative basis, or this is operation = aa. To make text clearer we use separate 
color for index of element of algebra. For instance, 

a = a''ei 

□ 

Convention 2.2. If free finite dimensional algebra has unit, then we identify the 
vector of basis cq with unit of algebra. □ 

Convention 2.3. Although the algebra is a free module over some ring, we do not 
use the vector notation to write elements of algebra. In the case when I consider 
the matrix of coordinates of element of algebra, I will use vector notation to write 
corresponding element. In order to avoid ambiguity when I use conjugation, I denote 
a* element conjugated to element a. □ 

Without a doubt, the reader may have questions, comments, objections. I will 
appreciate any response. 

3. Algebra with unit 

Let D be commutative ring. Let A be D-algebra with unit 1. Therefore there 
exists effective representation 

(3.1) fi2:doa^da deD aeA 

of the ring D in the algebra A. 

Theorem 3.1. Let D be commutative ring. Let A be D-algebra. Let 

f -.A'' ^ A 
be n-linear mapping into D-algebra A. Let 

g : A™ ^ A 

be m-linear mapping into D-algebra A. Then if for given i in the expression 

f o (xi, ...,x„) 

we make the substitution 

^ go (yi, 

then the resulting expression 

h{xi, ...,Xi, ...,x„,yi, ...,ym) = / o {xi,...,go (yi, ...,ym), ■■■,a;„) 

is (m + n — l)-linear mapping. 
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Proof. Since polylinear mapping is linear mapping with respect to each argument, 
then the mapping h is hnear with respect to , j =^ i. Since the mapping / is 
hnear mapping with respect to a;' and for each k the mapping g is hnear mapping 
with respect to y*"', then according to the theorem [4J-2.4.1, the mapping h is hnear 
mapping with respect to . □ 

Theorem 3.2. Let D be commutative ring. Let A be D- algebra. Then 

(3.2) d{ab) = {da)b = a{db) deD a,b e A 

Proof. Let / be bihnear mapping corresponding to product in ZJ-algebra A.^ Then 

(3.3) df{ab) = f(da,b)^ f{a,db) deD a,b e A 

The equation (3.2) foUows from the equation (3.3). □ 

Theorem 3.3. Let D be commutative ring.^ The commutator of D-algebra A is 
bilinear mapping. The associator of D-algebra A is 3-linear mapping. 

Proof. According to definitions [4J-2.2.1, [4]-2.2.4, the commutator is bihnear map- 
ping. According to definitions [4J-2.2.1, [4J-2.2.5 and the theorem 3.1, the associator 
is 3-hnear mapping. □ 

Theorem 3.4. Let D be commutative ring. Let A be D-algebra with unit e. Then 
we can identify d E D and dl E A. In such case, D C Z[A)J^ 

Proof. From the theorem 3.3, it foUows that 



{d,a,b) 


= d{l, a, b) 


d{{la)b- 


l{ab)) 


= d{ab — 


ab) 


= 


(a, d, b) 


= d(a, 1,6) 


= d{{al)b- 


a(16)) 


= d{ab — 


ab) 


= 


{a,b,d) 


= d{a, 6, 1) 


= d{{ab)l - 


a{bl)) 


= d{ab — 


ab) 


= 



Therefore, D C N{A) . If we assume 6 = 1 in the equation (3.2), then we get 

(3.4) da^ ad d E D aE A 

From the equation (3.4), it foUows that the commutator has form 

[d, a] = 

□ 

Theorem 3.5. Structural constants of D-algebra with unit e satisfy condition 

(3.5) C'o^, = Clo = <5f 

Proof. The equation (3.5) foUows from the equation Id ^ dl ^ d. □ 



consider the definition of the product in D-algebra according to the definition [4]-2.2.1. 

^You can see the definition of commutator in the definition [4J-2.2.4. You can see the definition 
of associator in the definition [4J-2.2.5. You can see also [5], p. 13. 

•^You can see the definition of nucleus N{A) of algebra A in the definition [4]-2.2.7; you can 
see the definition of center Z{A) of algebra A in the definition [4J-2.2.8; see also [5], p. 13, 14. 
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Theorem 3.6. A-k-linear mapping of D-algebra A with unit has form 

(3.6) f{c)^cd d^A 

Let e be (Re A)-basis of the algebra A. Coordinates of the mapping f 

(3.7) f(c)=c^fiei 
relative to the basis e satisfy to the equation 

(3-8) fi=f^ci, 

(3.9) rf = /^ei 
Proof. A*-linear mapping satisfies to equations 

(3.10) /(ac) = (ac)7f e,- = a^c^CUiej 

(3.11) a/(c) - a'^if{c)yci,ej = a^c^fiCi^j 
From equations (3.10), (3.11), it follows that 

(3.12) a^c^Cij^ej = a'^c'//C^,e,- 
The equation 

(3.13) Clji = fiCl 

follows from the equation (3.12). 

From the equation (3.13) it follows that^ 

(3.14) ci^n=ftci 

From equations (3.5), (3.14), it follows that 

(3.15) SUl = f^CU 

The equation (3.8) follows from the equation (3.15). 
From equations (3.7), (3.8), it follows that 

(3.16) /(c) = c'/^C^.ei 

The equation (3.9) follows from the equations (3.6), (3.16). □ 
4. Algebra with Conjugation 

Let D be commutative ring. Let A be Z?-algebra with unit e, A^ D. According 
to the theorem 3.4, we can identify the ring D and subalgebra of D-algebra A. 
Therefore, Z?-algebra A has a nontrivial center Z{A). 

Let there exist subalgebra F of algebra A such that F ^ A, D C F C Z{A), 
and algebra A is a free module over the ring F. Let e be the basis of free module 
A over ring F. We assume that eo — 1. 

Consider mappings 

Re -.A-^ A 
Im : A -> A 

defined by equation 

(4.1) Red = d° Imd = d-d° d€D d = d% 

^Let I = 0. 
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The expression Rc d is called scalar of element d. The expression Im d is called 
vector of element d.^ 

According to (4.1) 

F ^ {de A:Rcd^d} 
We will use notation Rc A to denote scalar algebra of algebra A. 

Theorem 4.1. The set 

(4.2) lmA = {de A:Rcd^O} 

is (Rc A)-module which is called vector module of algebra A. 

(4.3) A = ReA®lmA 
Proof. Let c, d € IirA. Then cq = do = 0. Therefore, 

(c + d)o = Co + do = 

If a e RcA, then 

{ad)o = ado = 
Therefore, ImA is (Re A)-niodule. 
Sequence of modules 

^ Re A A ImA ^ 

is exact sequence. According to the definition (4.1) of the mapping Re, following 
diagram is commutative 

RcA^^A 

id X 

Re A 

According to the statement 2 of the proposition [1]-III.3.2, 

(4.4) A = id(Re A) © ker Re 
According to the definition (4.2) 

(4.5) kerRe = {d 6 A : Re(i= 0} = ImA 

The equation (4.3) follows from the equations (4.4), (4.5). □ 
According to the theorem 4.1, there is unique defined representation 

(4.6) d = Red + lmd 
Definition 4.2. The mapping 

(4.7) d*=Rcd-lmd 

is called conjugation in algebra provided that this mapping satisfies 

(4.8) {cdy=d*c* 

(Re yl)-algcbra A equipped with conjugation is called algebra with conjugation. 

□ 

Corollary 4.3. (d*)* = d □ 



^In the section [3]-7, I consider an example of algebra in which there arc two conjugation. We 
assume that we chose conjugation. 
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Theorem 4.4. 

(4.9) d + d*eRcA 

(4.10) d-d* elm A 

Proof. The theorem follows from equations (4.6), (4.7). □ 

Theorem 4.5. The {Kc A)-algebra A is algebra with conjugation if structural con- 
stants of (Re A) -algebra A satisfy condition 

(4-11) c°=c°, c-, = -cr, 

1 < k < n 1 <l < n 1 <p <n 
Proof. From equations (4.6), (4.7) it follows that 

{cd)* = (Re c Re d + Re c Im d + Im c Re d + Im c Im d)* 
= Re c Re d — Re c Im d — Im c Re d + (Im c Im d) * 



(4.12) 



(4.13) 



d* c* — (Re d — Im d) (Re c — Im c) 

= Re d Re c — Re d Im c — Im d Re c + Im d Im c 
From equations (4.8), (4.12), (4.13), it follows that 
(4.14) (Im c Im d)* = Im d Im c 

Let e be the basis of the (Re Z?)-algebra D. From the equation (4.14), it follows 
that 

(CO c'^d' + C^ic'^d^r = C°,c^d' - C^^c'^d^ 



(4.15) 



C2,d''c^ +CLd''c^er 



1 < k < n 1 < I < n 1 <p <n 
The equation (4.11) follows from the equation (4.15). □ 
Corollary 4.6. CfcCfe S ReA □ 
Theorem 4.7. ('A; > 0, / > Oj 
(4.16) ekei = (eiek)* 

Proof. From the equation (4.11), it follows that (p = 1, n) 



= (e; Cfc)* 

The equation (4.16) follows from the equation (4.17). □ 
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Theorem 4.8. (k > 0, I > 0) 

(4.18) ekei+eiCk eRc A 

(4.19) Ckei -eiek GlmA 

Proof. The theorem follows from the equation (4.16) and the theorem 4.4. □ 
Theorem 4.9. dd* eRcA 

Proof. From the equations (4.7), (4.11), it follows that (p = 1, n) 
dd* = {d^eo + d%)(d°eo + d^Cq)* 
= (d°eo+dPep)(d%-d%) 

(4 20) 

= d°eo d°eo - (i°eo d% + rfPep d°eo - d^Cp d% 
= {d°feo - d°dPep + d^d^Cp - d^d'^Cpeq 
First 3 items in the expression (4.20) have form 

(4.21) (d^feo - d^d^ep + = (d°)^ eo e ReA 
The last item in the expression (4.20) has form 

(4.22) - d^d^Cpeq = -{d'Pfepep - ^ ^^^''(ep + ep) 

q>p 

Aecording to the corollary 4.6 and statement (4.18) 

(4.23) -dfd%eqGReA 

The theorem follows from the equation (4.20) and statements (4.21), (4.23). □ 
We can represent the conjugation using the matrix / 

d*^Iod Il= 5% 5^ k=0,...,n 



(4.24) 



Ijr=-Sr It=-5t m=l,...,n 



Example 4.10. The product in the set of complex numbers C is commutative. 
However, complex field has subfield R. The vector space Im C has dimension 1 and 
the basis = i. Accordingly 



c* = c° - cH 



□ 



Example 4.11. The division ring of quaternions H has subfield R. The vector 
space Im H has dimension 3 and the basis 

ei = i €2=3 63 = fc 

Accordingly 

d* =d° - d^i - d^j - d^k 

□ 
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5. Antilinear Mapping of Algebra with Conjugation 
Definition 5.1. Let A be the algebra with conjugation. (Reyl)-hnear mapping 

f:A^A 

is called A*-antilinear, if the mapping / satisfies to the equation 

(5.1) f{da) = f{a)d* 

□ 

Theorem 5.2. A-k- antilinear mapping of the algebra with conjugation A has form 

f{c) ^dc* =dIoc deA 
Let e be (Rc A)-basis of the algebra A. Coordinates of the mapping f 

(5.2) f{c)=c'fiei 
relative to the basis e satisfy to the equation 

(5-3) f^ = foi;ci 

(5.4) d = f^ei 

Proof. According to the definition 5.1, ^*-antilinear mapping satisfies to equations 

(5.5) /(ac) = (ac)7./ej = a^c-'C^,/! e,- 

(5.6) f{c)a* ^ {fic)f{a*yci.ej = d ftP^a'^C^e^ 
From equations (5.5), (5.6), it follows that 

(5.7) o^c^Cijiej = cy^iycLej 
The equation 

(5.8) cyi = fpicu 

follows from the equation (5.7). 

From the equation (5.8) it follows that® 

(5.9) ClJl = f^IlCl 
From equations (3.5), (4.24), (5.9), it follows that 

(5.10) <5;/f = f^iici, 

The equation (5.3) follows from the equation (5.10). 
From equations (5.2), (5.3), it follows that 

(5.11) /(c) = c^f^IlCi^ej = f^c'llCle, = f^{c*yci^ej 

The equation (5.4) follows from the equations (3.6), (5.11). □ 

^Let q = 0. 
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Ajire6pa c conpH»ceHHeM 



AjieKcaHflp KjieiiH 

AHHOTAqMii. B CTaTte paccMOTpenbi CBoiicTBa h OTo6pajKeHH5i CBo6oflHOH 
ajire6pbi c e^iiHHLi,eH. PaccMOTpeHHO TaK>Ke OTo6pa?KeHHe conp5i>KeHii5i cbo- 
5o^HOH anre6pi>i c eflUHHi^eii. 



COflEP>KAHHE 

1. HpeflHCjiOBHe 1 

2. CorjiameHHH 2 

3. Ajire6pa c e/i,HHHn,eH 2 

4. Ajire6pa c conpajKenHeM 5 

5. AHTHjiHHeiiHoe OToGpajKeuHe ajire6pbi c conpajKeHiieM 8 

6. CnHCOK jiHTcpaTypbi 9 

7. npe^MeTHbiii yKasaTCjib 10 

8. Cnei^HajibHbie ciiMBOjibi h o6o3HaHeHHa 11 



1. IlPEflHCJIOBHE 

Korfla H Hanaji niicaTt KHiiry [2], h noHHji, hto KjiaccHnecKoe onpeflejiCHHe jih- 
HefiHoro OTo6pa}KeHHH 

y = ax y = xa 

orpaHHHHBacT nainH bosmojkhocth HsynaTb npoH3B0;];Hyio OTo6pa»:eHiiH b tcjio. 

HHTyHTHBHO 6bIJI0 HCHO, 1T0 JIHHeHHOe 0T06pa}KeHHe B TejIO MOJKHO npeflCTaBHTb 

B BHfle cyMMbi cjiaraeMbix Biifla 

axh 

Ilocjieflyiomee HCCjie^OBaHHe CTpyKTypbi jiHHeftHoro OToSpajKeHHH b lejio Sbijio 
3aBepmeH0 b KHure [4]. Hpn stom h pacmnpHji Kpyr paccMaTpHBaeMbix ajire6p, 
nepeitflH k paccMOTpeniiio CBo6oflHbix ajire6p na/j; KOMMyTaTHBHbiM kojibi^om. 

EcjiH MHOJKecTBO A sBjiaeTCH Z?-ajire6poii, to na MHOJKecTBe A onpeflejieno 
HecKOjiBKO ajire6painecKHx CTpyKiyp. CorjiacHO onpe^ejieHnio [4] -2. 2.1, A hbjih- 
eTCH D-vLopyneM. Ecjih mbi orpanHiiHMCH paccMOTpeniieM onepai];HH cjiojKeHHH h 
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yMHOJKeHiia b D-ajire6pe A, to mm MOsceM paccMaTpHsaTb D-ajire6py A krk kojib- 
11,0 (bo3mo>kho, HeaccoLi,HaTHBHoe) . CooTBCTCTBeHHO 3TOMy Mbi MOJKCM paccMaTpH- 
BaTb ZJ-ajireGpy A Kax j4*-M0^yjib pasMepnocTn 1. HosTOMy BajKHO iiaynaTb oto5- 
paiKeniiH, coxpanaiomHx Ty hjih HHyio ajire6paii^iecKyio CTpyxTypy na MHoacecTBe 
A. 

Dtsl CTaTBH paccMaTpHBaeT A*-jiHHeHHbie OTo6pajKeHHs Z3*-ajire6pbi A. 

KoHLi,enii,HH ajire6pBi c conpajKeHiieM ecTecTBeHHO BnHCbiBaeTCH b Teopnio D- 
ajire6pbi c eflHHHii,eH:. OflnaKO h nojiaraio, ^^to OTo6pa>KeHiie conpajKeniis mojkpio 
onpeflejiHTb TaKJKe b cjiynae, ecjiH ajire6pa ne HMeei e;i,HHHLi,y. 0;i,HaKO otbct na 
3T0T Bonpoc TpeGycT flonojiHHTejiBHoro HCCjieflOBaHHs. 

2. COrjTAUIEHHfl 

CorjiameHHe 2.1. Uycmb A - ceo6odHaH kohchho Mepnan aAae6pa. Upu pasAO- 
otcenuu SAeMeuma aAze6pu A omHocumeAwo 6a3uca e mu noJitsyeMcsi oduou u 
mou atce Kopneeou 6yKeou Sah o6o3HaHeHUJi 3mozo SAeMeHtna u ezo Koopdunam. 
OdnaKO e aAze6pe ne npuHRmo ucnoAbSoeamti eeKmopnue odosHaneHUH. B eupa- 
OKCHuu He mcho - 3mo KOMnoneHma pa3A03K.eHusi SAeMeuma a omHocumeA'bHo 
6a3uca uau 3mo onepai^un 603eedeHUH e cmenem. JJaji oOjiesueHUfi Hmeuufi mcK- 
cma MU 6ydeM undenc 3AeMeHma aAze6pu eudeAsimb 'neemoM. HanpuMcp, 

a = a^e-i 

□ 

CorjiameHHe 2.2. Ecau ceo6odHaH KOHeuHOMepnaH aAze6pa UMeem eduHuv,y, mo 
MU 6ydeM omoafcdecmeAJimb ecKmop 6a3uca gq c eduHuv,eii aAze6pu. □ 

CorjiameHHe 2.3. Xomsi aAze6pa sieAfiemcsi ceoBodnuM ModyACM Had neKomo- 
puM KOAt>v,OM, MU HC noAbsyeMcsi eenmopHUMU o6o3HaHeHUJiMU npu sanucu 3Ae- 
Memnoe aAze6pu. B mex CAynatix, Kozda a paccMampueam Mampui^y Koopdunam 
3AeMeHma ameBpu, si 6ydy noMb306am'bcsi eeKmopuuMU o6o3HaHeHusiMU Sam sanu- 
cu coomeemcmeymvuezo 3AeMeHma. Hmo6u ne eo3HUKaAa HeodH03HaHHOcmb npu 
sanucu conpsuKenuM, m 6ydy o6o3HaHamh a* sAeMeHm, conpMJtceHHuu 3AeMeHmy 
a. □ 

Be3 coMHeHHH, y HiiTaTejiH Moryi 6biTb Bonpocbi, saMCHanHH, B03pa»ceHiiH. 51 
6yfly npHSHaTejien jiio6oMy OTSBiBy. 

3. AjirEBPA C EflHHHIj;EH 

IlycTb D - KOMMyTaTHBHoe KOjibD,o. IlycTb A - £'-ajire6pa c e;i,HHHLi,eH 1. Cjie- 
;i,0BaTejibH0, onpeflejieno 34)4)eKTiiBHoe npeflCTaBjieniie 

(3.1) fi^2 do a ^ da deD aeA 

KOjibD;a D B ajire6pe A. 

TeopeMa 3.1. Uycmb D - KOMMymamuenoe KOAbu,o. Uycmb A - D-aAze6pa. Uycmb 



f -.A" ^A 

n-AUHCUHoe omoBpaMcenue e D-aAze6py A. Uycmb 

g-.A'^^A 
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m-jiuHeuHoe omo6paoKeHue e D-ame6py A. Toada ecjiu djifi aadamozo i e eupa- 

JHZeHUU 

f O {xi,...,Xn) 

eunoAHumb saMeny 

Xi = go (yi, ...,?/m) 

7710 noAyneHHoe eupaotcenue 

h{xi, ...,f;, ...,Xn,yi, ■■■,ym) = f o {xi, ...,g o (yi, ...,y„i), ...,Xn) 
sieAfiemcsi (m + n — \)-AUHeuHUM omoSpaotceHueM. 

floKaaameA'bcmeo. HocKOjibKy nojiHjiHHeiiHoe OTo6pa}KeHHe jiHHeiiHO no Ka>KflOMy 
apryMCHTy, to OToSpajKenne h jiiineiiHO no x^ , j ^ i. TaK KaK OTo6pa>KeHHe / 
jinnefiHO no ii ^jih jiK)6oro k OToSpajKenne g jinneiiHO no y*^ , to corjiacno Teopeivie 
[4]-2.4.1 OToSpajKenne h jinneimo no y^. □ 

Teopeivra 3.2. Ilycmb D - KOMMymamueHoe KOAbv^o. Uycmb A - D-aAze6pa. To- 
zda 

(3.2) d{ah) = {da)h = a{dh) deD a,b e A 

/(oKasameAbcmeo. IlycTb / - 6HjiHHeHHoe OTo6pa>KeHHe, cooTseTCTByioniee onepa- 
n,nH npoHSBCflenHH b £'-ajire6pe A} Tor/ia 

(3.3) df{ab)^ f{da,b)^ f{a,db) deD a,b e A 

PaBencTBO (3.2) cjie^yeT h3 paBcncTBa (3.3). □ 

TeopeMa 3.3. Ilycmb D - KOMMymamueHoe KOAtv^o} KoMMymamop D-aAse6pu 
A - 6uAUHeuHoe omo6paMceHue. Acco'nuamop D-aAze6pu A - S-AuneuHoe omo6pa- 
otceHue. 

/I^OKasameAbcmeo. Corjiacno onpeflejiennHM [4]-2.2.1, [4]-2.2.4, KOMMyTaTop hbjih- 
eTCH GnjinneitHbiM OTo6pa}KeHHeM. Corjiacno onpe^ejiennaM [4]-2.2.1, [4]-2.2.5 h 
TeopcMe 3.1; accon,HaTop HBjiaeTCH S-jniHennbiM OTo6pajKenHeM. □ 

TeopeMa 3.4. Uycmb D - KOMMymamuenoe KOAbv,o. Uycmb A - D-aAge6pa c 
eduHuv,eu e. Tozda mu momccm omoatcdecmeumb d £ D u dl G A. Upu 3moM 
D C Z{A).^ 

floKaaamcAbcmeo. Hs TeopcMbi 3.3 cjieflycT 



{d,a,b) 


= d{l, a, b) 


= d{{la)b- 


l{ab)) 


= d{ab — 


ab) 


= 


{a,d, b) 


= d{a, 1, b) 


= d{{al)b~ 


aim 


= d{ab — 


ab) 


= 


{a,b,d) 


= d(a, b, 1) 


= d{{ab)l - 


«(W)) 


~ d{ab — 


ab) 


= 



CjieflOBaTejiBHO, D C N{A) . Ecjin b paBcncTBe (3.2) mbi nojiojKHM 6 = 1, to mbi 
nojiyHHM 

(3.4) da^ad deD aeA 



H paccMaTpHBaro onpeflejieHne nponsBefleHHH b D-ajire5pe corjiacHO onpeflejiennK) [4J-2.2.1. 

^Onpe;i,ejieHHe KOMMyxaTopa ^aHO b onpe^ejieHHH [4]-2.2.4. Onpe^ejieHHe accori;HaTopa flano 
B onpeflejieHHH [4]-2.2.5. CmoTpH Tatcace [5], c. 13. 

•^OnpeflejieHHe Hflpa N(A) ajire6pbi A flano b onpeflejienHH [4J-2.2.7; onpeflejieHHe i;eHTpa 
Z{A) anre6pbi A flano b onpeflejienHH [4J-2.2.8; CMOTpn TaioKe [5], c. 13, 14. 
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AjieKcaHflp KjieHH 



H3 paBeHCTBa (3.4) cjie^yeT, hto kommytrtop HMeeT bh^ 

[d, a]=0 

□ 

TeopeMa 3.5. CmpyKmypnue KOHcmaHmu D-aAze6pu c eduHui^eu e ydoeAemeo- 
pMKim ycAoeum 

(3-5) Cofe = CIq = 5f 

/(oKasameMbcmeo. PaBencTBO (3.5) HBjiHeTCH cjieflCTBHCM paBencTBa Id = c?l = 
d. □ 

TeopeMa 3.6. A-k-jiuHeuHoe omoSpajtceHue D-aAze6pu A c eduHuii,eu UMeem eud 

(3.6) f{c)^cd deA 

Ilycmb e - (Re A)-6a3uc aAze6pu A. Koopdunamu omo6pajtceHUM f 

(3.7) fic)^c'fie., 
omHocumeAbHO 6a3uca e ydoeAemeopfimm paeencmey 

(3.8) fi=f^ci, 

(3.9) d = f^ei 

/^oKaaameAbcmeo. ^^-jinHeftHoe OToGpajKeHHe yflOBjieTBopaeT paBCHCTBaM 



(3.10) /(ac) = {ac)'flej = a^c^Clj^ej 



(3.11) afic) = a'^imyCi^ej = a'^c'fiCi.ej 
Ha paBencTB (3.10), (3.11), cjieflyeT 

(3.12) o^c^Cijfej = a'^c'ficlej 
PaBeHCTBO 

(3.13) cui = ficL 

cjieflyeT h3 paBencTBa (3.12). 
Hs paBCHCTBa (3.13) cjieflycT'* 

(3.14) Cioff = PoCL 
Ha paBCHCTB (3.5), (3.14), cjie^yeT 

(3.15) siff = r,ci, 

PaBCHCTBO (3.8) cjie;i,yeT hs paBcncTBa (3.15). 
Hs paBBHCTB (3.7), (3.8) cjie^yeT 

(3.16) /(c) = c'/o^C/,ei 

PaBeHCTBO (3.9) cjie^yeT h3 paBCHCTB (3.6), (3.16). □ 



^nycTb 1 = 0. 



Ajirc6pa c conpH»:cHHCM 
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4. AjIFEBPA C COnPH>KEHHEM 

IlycTb D - KOMMyTRTHBHoe KOjibn,o. IlycTb A - _D-ajire6pa c eflHHHn,eii e, A ^ D. 
CorjiacHO TeopcMC 3.4, mm MO>KeM OTO}K;i,ecTBHTb kojiijU,o D c noflajire6poii D- 
ajire6piji A. CjieflOBaTejitHO, Z?-ajire6pa A HMeex HeTpHBHajitHtiii D;eHTp Z{A). 

nycTb cymecTByeT noflajire6pa F ajire6pbi A TaKaa, hto F ^ A, D C F <Z Z{A), 
H ajire6pa A HBjiaeTCH cbo6o;i,hijIm MO^yjieM na;; kojii>ei,om F. IlycTb e - 6a3HC 
CBo6oflHoro MOflyjiH A na^ KOjibLi;oM F. Mbi 6y;i,eM nojiaraTb eg — 1. 

PaccMOTpHM OToGpajKeHHH 

Re -.A^ A 
Im -.A^ A 

onpeflejieHHbie paseHCTBOM 

(4.1) Red = d° Imd^d-d'^ deD d = d% 

BbipajKCHne Rc d nasbiBaeTCH CKajiHpoM sjieMeHTa d. BbipajKeHHC Im d nasBi- 
BaeTCH BeKTopoM 3JieMeHTa d.^ 
CorjiacHO (4.1) 

F = {d e A:Rcd = d} 
Mbi 6yfleM nojitsoBaTbCH saniicbio Rc A j^jir o6o3Ha^eHHH ajire6pBi CKajiapoB 
ajire6pbi A. 

TeopeMa 4.1. MHomcecmeo 

(4.2) Imyl = {deyl:Rcd = 0} 

jiBMJiemcji {He A)-ModyAeM, Komopuu mu uaaueaeM MO/],yjib seKTopoB ajireGpti 
A. 

(4.3) A = ReA®lmA 

/^OKaaameAbcmeo. IlycTB c, d £ IuyA. Torfla cq = do = 0. CjieflOBaTejibHO, 

(c + d)o = Co + do = 

EcjiH a e Re A, to 

{ad)o = ado = 

CjieflOBaTCjiBHO, liiiA HBjiHeTCH (Rc j4)-M0flyjieM. 
nocjieflOBaTCjiBHOCTb MOflyjiefi 

^RcA^^ A^^Im^ ^0 

HBJIHCTCH TOHHOH nOCJICflOBaTCJIbHOCTBIO. CorjiaCHO OnpeflCJICHHIO (4.1) OToSpajKC- 

HHH Rc , cjieflyromaH fliiarpaMMa KOMMyTaTHBHa 

ReA^^A 

id X 
I Rc 

RcA 

CorjiacHO yTBepjKflCHHio (2) npefljiojKCHHH [1]-III.3.3, 

(4.4) ^ = id(Re^) ©kerRe 

"^B paa^ejie [3j-7, s pacciviaTpHBaio npHMep ajire6pBi, b KOTopofi onpeflejienBi flse onepaLi,HH 
conpH^KeHHH. Mbi 6y^eM nojiaraxB, mto onepaii,Ha: conpa^ceHMH BBiSpana. 



6 AjieKcaH^p Kjichh 

CorjiacHO onpeflejienHio (4.2) 

(4.5) kciRc ^{deA:Rcd = 0} = lmA 

PaseHCTBO (4.3) cjieflyei h3 paseHCTB (4.4), (4.5). □ 
CorjiacHO TCopeMe 4.1, oflHOsnaiiHO onpeflejiCHHO npeflCTaBjieHne 

(4.6) d = Red + lmd 
Onpe/];ejieHHe 4.2. OToSpajKemie 

(4.7) d*=Rcd-lmd 

HasBiBaeTCH conpH:»ceHHeM b ajire6pe npii ycjiOBHH, ecjiii 3to OTo6pa»ceHHe ypf>- 
BjieTBopaeT paBencTBy 

(4.8) (cd)*=rf*c* 

(Re A)-ajire6pa A, b KOTopofi onpeflejieno conpHHcenHe, nasbiBaeTCH ajireGpoii c 
conpHJKeHHeM. □ 

Cjie/];cTBHe 4.3. (d*)* ~ d □ 

TeopeMa 4.4. 

(4.9) d + d*eReA 

(4.10) d-d* elm ^ 

/^oKaaameAbcmeo. yTBepjKflemie TeopcMbi cjieflyei H3 paBCHCTB (4.6), (4.7). □ 

TeopeMa 4.5. (Re A)-aAze6pa A sienfiemcsi ameBpou c conpsiMceHueM, ecAU cmpyK- 
mypHue KOHcmaHmu (Re A)-aAge6pu A ydoeAcmeopsimm ycAoeum 

(4-11) Cl,=C?^ Cl, = -Cf^ 

1 < k < n 1 <l < n 1 <p <n 

/(oKasameMbcmeo. Hs paBencTB (4.6), (4.7) cjiepyei 

{cd)* = (Re c Re d + Re c Im d + Ini c Re d + Im c Im d)* 
= Re c Re d — Re c Im d — Im c Re d + (Im c Im d) * 



(4.12) 



(4.13) 



d* c* = (Re d - Im d)(Re c - Im c) 

= Re d Re c — Re d Im c — Im d Re c + Im d Im c 
Ha paBCHCTB (4.8), (4.12), (4.13), cjieflyei 
(4.14) (Imc Imd)* = Imd Imc 

IlycTb e - 6a3HC (Re D)-ajire6pbi D. Hs paBencTBa (4.14) cjie^yeT 

(4.15) 

= Cl^d^c' + Clid'^c% 

1 < k < n 1 < I < n 1 <p <n 
PaBencTBO (4.11) cjie^yeT h3 paBencTBa (4.15). □ 



Ajirc6pa c conpH»:cHHCM 
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CjieflCTBHe 4.6. e;,, e/^ e ReA □ 

TeopeMa 4.7. (k>0, l>0) 

(4.16) Cfce; = (eiCk)* 

/(oKasameAbcmeo. Ha paseHCTBa (4.11) cjie^yeT [p = 1, n) 

= {eiek)* 

PaBencTBO (4.16) cjieflyei h3 paBencTBa (4.17). □ 
TeopeMa 4.8. (k > 0, I > 0) 

(4.18) ekCi+eiek eReA 

(4.19) CkSi -eiSk elmA 

/(oKasameMbcmeo. YTBepiKfleHHe TeopcMBi cjie^yeT h3 paBCHCTBa (4.16) h TeopeMbi 
4.4. □ 

TeopeMa 4.9. dd* eReA 

/JoKaaameAbcmeo. Hs paBencTB (4.7), (4.11) cjieflyei (p = 1, n) 
dd* = {d°eo + d%)(d°eo + d^Cq)* 

= (d°eo+d%)(d°eo-d%) 

(4.20) 0- 0- 0- - - 0- 

= d Cod Co — d Co d'^Cq + d^Cp d cq — d^Cp d'^Cq 

= {d°feo - d°dPep + d^d^ep - d^d'^CpCq 
HepBbie 3 cjiaraeMbix b BbipajKCHHii (4.20) HMeiOT bh^ 

(4.21) (d°)^ eo - + d°dPep = {d°feo eRcA 
HocjieflHee cjiaracMoe b BBipajKenHH (4.20) HMeex bh^ 

(4.22) - d^d'^epCq = -[dFfepep -^d^d^iepCq + eqep) 

q>p 



CorjiacHO cjieflCTBiiio 4.6 ii yTBepsKflCHHio (4.18) 
(4.23) -d^d^epCq^RcA 

yTBepjKfleHHC TeopeMbi cjie^ex h3 paBencTBa (4.20) h yTBepsKflenHfl (4.21), (4.23). 

□ 

0To6pa>KeHHe conpajKeHiiH mojkho npeflCTaBHTb c noMombm MaTpHii,i>i / 
d*^Iod = (5J? = fc=0,...,n 



(4.24) 



^r=-C I^=-S^ m=l,...,n 
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AjieKcaHflp Kjichh 



IIpHMep 4.10. IIpoHSBefleHHe b MHOJKecTBe KOMnjieKCHbix Hiiceji C KOMMyTaTHB- 
HO. OflHEKO nojie KOMjieKCHtix HHceji coflepjKHT no;i,nojie R. BeKTopnoe npocTpan- 
CTBO ImC HMeeT pasMepnocTb 1 h 6a3HC e\ = i. CooTBeTCTBeHHO 



* 1 ■ 

c — c — c I 



□ 



IIpHMep 4.11. Tejio KBaTepHHOHOB H coflepjKHT no^nojie R. BeKTopnoe npo- 
CTpancTBO Im H hmcct pasMepHOCTb 3 h 6a3HC 

ei = j 62 = j 63 = fc 

CoOTBCTCTBeHHO 

d* =d° - (f-i - cPj - (fk 

□ 

5. AhTHJIHHEHHOE 0T0BPA>KEHHE AJirEBPbl C COnPiI>KEHHEM 

Onpe/];ejieHHe 5.1. IlycTb A - ajire6pa c conpajKeHHCM. (Re A)-jiHHeHHoe oto6- 
pajKeuHe 

J -.A^A 

HasbiBaeTCH A^-aHTHJiHHeftHbiM ecjiH OTo6pa}KeHHe / yflOBjiCTBopaeT paBencTBy 

(5.1) f{da) = f{a)d* 

□ 

TeopeMa 5.2. A-k-awmuAUHeuHoe omo6paMceHue anzedpu c conp^ofcenueM A ujue- 
em eud 

f{c) = dc* =dIoc deA 
Uycmb 6 - {Yie A)-6a3uc aAze6pu A. Koopdunamu omo6paatceHU^ f 

(5.2) f{c)=c'fiei 
omHocumeAbHO 6a3uca e ydoeAemeopjnom paeencmey 

(5.3) fi, = f^i;ci, 

(5.4) d = f^ei 

/(oKasameMbcmeo. CorjiacHO onpe/i,ejieHHK) 5.1, AT^-aHTHjiHHeiiHoe OTo6pa5KeHHe 
yflOBjieTBopHCT paBencTBaM 

(5.5) /(ac) = (ac)Vf5,- = aPc^Ci^f^ej 

(5.6) f{c)a* = {fic)f{a*rCl.e, = ftl^a'^CLej 
Ha paBencTB (5.5), (5.6), cjieflyeT 

(5.7) c^'^C;j^ej = c''f^IXCLej 
PaBeHCTBO 

(5.8) c;j^ = fpici, 

cjieflyeT h3 paBCHCTBa (5.7). 
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Hs paBCHCTBa (5.8) cjieflyei^ 



(5.9) C^o/f = fo^^L 



Ha paseHCTB (3.5), (4.24), (5.9), cjieflyeT 



(5.10) = f^i;ci, 



PaBencTBO (5.3) cjie^yeT h3 paseHCTBa (5.10). 



Hs paBCHCTB (5.2), (5.3) cjie^yeT 



(5.11) /(c) = c'f^lici^j = f^c'liclej 



PaBCHCTBO (5.4) cjieflyeT h3 paseHCTB (3.6), (5.11) 



□ 
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'IlycTb q = 0. 



7. riPE^METHblH YKASATEJlb 



A^-aHTHJiHHeHHoe OTo6pa?KeHHe ajire6pi>i c 
conp5i»ceHHeM 8 

ajire6pa c conpa^ceHHeivi 6 
ajire6pa CKajiapOB ajire6pi>i 5 

BCKTOp 3JieMeHTa ajire6pbi 5 

MO^yjib BeKTOpOB ajire5pbi 5 

CKajiHp sjieMCHTa ajire6pi>i 5 
conpH:»ceHHe b ajire6pe 6 
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8. CnELi;HAJIbHbIE CHMBOJTH H 0B03HAHEHHH 
d* conpajKeHHe b ajire5pe 6 



Im A MOflyjib BCKTopoB ajire6pbi A 5 
Im d BeKTop sjiemeHTa d ajire6pbi 5 

Re A anre6pa CKanapoB ajire5pbi A 5 
Re d CKajmp sjieMeHTa d ajire6pBi 5 
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